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A theory of best approximation with interpolatory contraints from a finite-
dimensional subspace M of a normed linear space X is developed. In particular, to
each x € X, best approximations are sought from a subset M(x) of M which depends
on the element x being approximated. It is shown that this “parametric approxima-
tion” problem can be essentially reduced to the “usual” one involving a certain
fixed subspace M, of M. More detailed results can be obtained when (1) X is a
Hilbert space, or (2) M is an “interpolating subspace” of X (in the sense of [1]).
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1. INTRODUCTION

In this section we establish the notation and terminology that is used
throughout. In Section 2 we describe the problem of approximation with
interpolatory constraints from a finite-dimensional subspace M of the
normed linear space X. By using a perturbation technique, we show that
the problem of parametric approximation with interpolatory constraints can
be reduced to ordinary best approximation from a fixed subspace of M.
A general theory of best parametric approximation is developed which
includes existence and characterization theorems, as well as continuity
criteria for the (set-valued) parameter mapping and selection properties of
this mapping.

In Section 3 we specialize X to Hilbert space and deduce some stronger
results. In Section 4 we restrict our attention to interpolating subspaces
[1]. In this case, there is a substantial strengthening of the theory that can
be obtained. In particular, best interpolatory approximations are always
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(strongly) unique, and the parameter mapping is pointwise Lipschitz con-
tinuous. We should note that in the particular case when X'= C[a, b] and
M is a Haar subspace of C[a, b], this problem had been considered earlier
by the first author [4]. However, even specialized to this particular situation,
some of the results of the present paper are stronger and more general than
those of [4]. The results of [4] were also extended to “e-interpolation” by
Mabizela and Zhong [9].

Let K be a closed convex subset of a normed linear space X. For a given
x € X, the (possibly empty) set of all best approximations to x from K is
defined by

Py(x):={yeK||x—yl| =dx K)},

where d(x, K):=inf{|x—y| | yeK}. K is said to be proximinal (resp.,

Chebyshev) if for each x € X, the set P (x) is nonempty (resp., a singleton).
Unless otherwise stated, X will always denote a (real) normed linear

space and X* the dual space of all continuous linear functionals on X.

2. THE INTERPOLATION PROBLEM

Let M be an n-dimensional subspace of a normed linear space X and
{1, s, s ¢} = X* be a set of m <n linearly independent functionals. For
each xe X, let

M(x):={yeM|¢,(y)=¢;(x),i=1,2,..,m}.

Since M(x) is not changed if the ¢; are scaled, we may (and will) assume
that ||¢;|| =1 for each i. The elements of M(x) are said to interpolate x
relative to the set {¢,, ¢, .., ¢,}. Thus an element x, € M(x) is a best
approximation to x from M(x) provided that

1 = xo || = d(x, M(x)),

and the set of best approximations to x from M(x) is P,,,(x). Note that,
unlike the standard case of approximating from a fixed set, the set M(x)
that one approximates from depends on the point x being approximated.
Such problems are often called parametric approximation problems and
Py () is called the parameter map. Of course, if x € M, then xe M(x)
and so x is its own best approximation from M(x): Py, (x) = {x}.

For m elements y,, y,, .., y,, iIn X, we define the determinant

o1y di(ya) o di(y)
det[¢i(yj)]l<iﬂj<m:: .
¢m(yl) ¢m(y2) e ¢m(ym)
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Our first result establishes useful conditions each of which is equivalent
to the statement that M(x)# ¢ for each x e X.

Lemma 2.1.  The following statements are equivalent.

(l) For each xe X, M(x)# ;
(2) The set {¢, s, §,,} is linearly independent over M (i.e.,
ST (y)=0 for all ye M implies a; =0 for all i);

(3) There exist elements z,, z,, ..., z,, in M such that

LU=
so=si=fo 7

(4) There exist elements z,, z,, ..., z,, in M such that
det[¢;(z;)] #0.

Proof. (1)=(2). Assume M(x)# Fforallxe X. If X7 a;¢,(y) =0 for
all ye M, then Y7 a;4,(x)=0 for all xe X. By linear independence of
{1, by o §,}, ;=0 for all i. Thus (2) holds.

(2)=1(3). We proceed by induction on m. For m=1, there exists
yeM, so that ¢,(y)#0. Then y, :=y/d,(y) e M satisfies ¢,(y,)=1. Now
suppose (3) is valid for m=k and {¢, |, d2|ars o Pic 1]} is linearly
independent. By hypothesis, there exists {y,,,.., s} in M so that
¢:(y,)=90; (i,j=1,2,..,k). We claim that there exists ye M so that
¢, (y)=0 for i=1,2,..,k, and ¢, (y)#0. Otherwise, by [8; p. 421],
®x+ 1] would be a linear combination of ¢, |, ..., ¢x | 1s» Which contradicts
the linear independence of the ¢;|,’s. Setting z, . ,=y/d..(y) and
zi=Yi—= (@i (Y)/(br 1 (¥) y (i=1,2,... k), we see that z;e M for all
i=1,2,..,k+1, and

$i(z;) =0, (,j=1,2, ., k+1).

This completes the induction.
(3)=(4). This is obvious.
(4)=-(1). If (4) holds and x € X, the system of equations

has a (unique) solution a, ..., ,,. Then the element y =3"7" | a;z; is in M
and ¢;(y)=¢,(x) (i=1,2, .., m). That is, ye M(x). This proves (1). |
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Let
Xo:={xeX|¢;(x)=0 (i=1,2,.,m)} (2.1.1)

and
My:=M0)={yeM|¢,(y)=0 (i=1,2,...,m)} =MnX,. (2.1.2)

LEMMmA 2.2. M, is an (n—m)-dimensional subspace. In particular,
My={0} if m=n.

Proof. Since M is n-dimensional, so is its dual M*. Since
{1 1ss> o Dl as} 1s linearly independent in M*, there are functionals

{Woits Wt in M* so that {@ |, o Gl ars W15 - W, 1s linearly
independent. By the Hahn-Banach theorem, each /, can be extended to a

¢; € X*. Thus {@]ars s Bl azs P 1l azs o Pl ar} is linearly independent.
By Lemma 2.1, there exists a set {y,, y,, ..., ,} in M so that

d(y) =0, (i,j=1,2,... n). (2.2.1)

{ Y1, V25w ¥} 1s clearly linearly independent and hence a basis for M.
Since { ¥, 41 < Va} is in M, by (2.2.1), it follows that dim M, >n—m. On
the other hand, for each ye M, y is in M so y =31 «,y, for some scalars
o;. We have for each j<m,

Thus y=>", o;y; so that M, =span{y,,,, .. y,} and hence dim M, <
n—m. This proves that dim My=n—m. ||

To avoid vacuous or trivial statements, we shall assume hereafter in this
section that M(x) # & for each x € X. Thus (by Lemma 2.1) there exists a
linearly independent set {z,, z,, .., z,,} in M such that

$(z)=0 (i,j=1,2, ... m). (22.2)

e/

Fixing such a set {z,, z, .., z,,}, we define an operator L: X - M by

Lx=) ¢;(x)z, xeX. (2.2.3)

1

It turns out that L is a (linear) projection onto the subspace
Span{zy, z,, .., Z,}-

Lemma 2.3. (1) L is a bounded linear operator.
(2) For each zespan{z,, z,, .., z,,}, Lz=z.

0 Em
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(3) L is “idempotent”, ie., L>x = Lx for all x.
(4) Xo={x—Lx|xeX}=L"'0).
(5) X=X,@®span{z,, zy, ., Z,,,}-

Proof. (1) This is clear.

(2) By linearity, it suffices to show that Lz,=z; for each j=
1,2, .., m But

(3) For each x € X, using (2), we have

L’x=L(Lx)= <Z ¢ (x >=z¢,-(x) Lz;=Y ¢,(x)z,=Lx.
i=1 1 1

(4) Clearly, xe X, iff ¢,(x)=0 for all i iff 37" ¢;(x)z,=0 (since

{z1, 23, wr Z,y} 18 linearly independent) iff Lx=0 iff xe L '(0). Thus

Xo=L"'0). Let S={x—Lx|xeX}. If xeS, then x=y— Ly for some

y implies Lx=Ly—L*y=0 by (3). Thus S<L '(0). Conversely, if

xeLY0), then x=x—LxeS. That is, L~'(0) < S and thus L~(0)=S.

(5) For each xe X,
x=(x—Lx)+LxeXy+span{z,, 25, .., Z,,}.

If xe X,nspan{z,, z,, .., z,,}, then Lx=0 and Lx =x (by (1)). Thus x=0
so that X, nspan{z,, z,, .., z,,} = {0}. This proves (5). |

THEOREM 2.4. (1) For each xe X,

M(x)=M,+ Lx, (2.4.1)
and
P (X)) = Py(x — Lx) + Lx. (24.2)
(2) If xeX,, then
Prsio(x) = Py (). (2.4.3)

(3) If m=n, then M(x)={Lx} and

P yyoo(X) = Lx. (2.4.4)
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Proof. (1) Clearly, LxeM and ¢;(Lx)=3"T¢,(x)d;(z;)=¢,(x)
(j=1,2,..,m) by (222). Thus LxeM(x) and hence x—LxelX,.
Moreover, ye M(x) iff ye M and ¢,(y)=¢,(x)=¢,(Lx) for all i iff ye M
and y—Lxe Xy n M =M, iff ye M,+ Lx. This proves (2.4.1).

From (2.4.1), we obtain

PM(x)(x) = PM0+Lx(x) = PMO(X_ Lx) + Lx,

which verifies (2.4.2).

(2) If xe X,, then Lx=0 by Lemma 2.3(4) and (2.4.3) follows from
(2.4.2).

(3) If m=n, My={0} by Lemma 2.1 so that M(x)={Lx} by
part (1). 1

The main consequence of Theorem 2.4 is that it shows that the problem
of parametric approximation with interpolatory contraints can be reduced to
an ordinary best approximation problem from the fixed subspace M of M.
As we shall see, it also suggests the study of best approximation of the
elements of the subset X, by elements of the subspace M.

COROLLARY 2.5. (1) P (x)# I for each x € X.

(2) Pauqo(x) is a singleton for each xe X if and only if M, is a
Chebyshev subspace of X,.

(3) If X is strictly convex, then P (x) is a singleton for each x € X.

Proof. (1) This follows from (2.4.2) and the fact that every finite-
dimensional subspace is proximinal.

(2) This is a consequence of Theorem 2.4(1).

(3) This follows from (2) and the fact that all finite-dimensional sub-
spaces of strictly convex spaces are Chebyshev. ||

Using Theorem 2.4, a characterization of best approximations to x from
M(x) can be obtained by reducing it to a “standard” problem of
approximating from a finite-dimensional subspace.

For any set S, co(S) will denote its convex hull: the intersection of all
convex sets which contain S. The unit ball in X* is denoted by B(X*), the
set of extreme points in B(X*) by ext B(X*), and the set of “extreme peaking
functionals” for x € X is defined by

& (x):={x*eext B(X*) | x*(x)=|x]}.

THEOREM 2.6. Let xe€ X and y € M(x). Then the following statements are
equivalent.
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(1) y€Pyo(x);

(2) 0€cof(¥*(31) X (12, o X¥*(1, ) | ¥* €6 (x—)}, where {,,
Vas ws Vn—m) is any basis for M;

(3) There exist k functionals x*e&(x—y), | <k<n—m+1, and k
scalars ;>0 such that Y% J.x¥*e M.

Proof. From (2.4.2), we see that ye P, (x) iff y—Lxe P, (x — Lx).
Now M, is an (n —m)-dimensional subspace by Lemma 2.2. Applying the
well-known characterization of best approximations (see [ 10; Theorem 1.1,
p. 170]), we obtain the equivalence of (1) and (3). The equivalence of (2)
and (3) is a consequence of Carathéodory’s theorem. ||

Next we show that any continuity property for the set-valued parameter
mapping x> P, (x) is equivalent to the same property for the metric
projection onto M,,.

For any two nonempty closed and bounded sets 4 and B in a metric
space Y, define

h(A, B) :=sup d(a, B)

ac A

and
H(A, B) : =max{h(A, B), h(B, A)}.

In other words, H is the Hausdorff metric on the set of all nonempty closed
and bounded subsets of Y.
Recall the following continuity concepts for set-valued maps.

DErFINITION 2.7. Let X, Y be metric spaces, F: X - 2"\{ &} and x, € X.
Then F is said to be

(1) lower Hausdorff semicontinuous (1.H.s.c.) at x, if, for any ¢ >0,
there exists a neighborhood U of x, such that A(F(x,), F(x))<e for all
xeU;

(2) upper Hausdorff semicontinuous (u.H.s.c.) at x, if, for any ¢ >0,
there exists a neighborhood U of x, such that A(F(x), F(x,))<e for all
xeU;

(3) Hausdorff semicontinuous (H.s.c.) at x, if it is both u.H.s.c. and
LH.s.c. at x,, ie., for each ¢> 0, there exists a neighborhood U of x, such
that H(F(x), F(x,)) <e¢ for all xe U;

(4) lower semicontinuous (l.s.c.) at x, if, for any open set ¥ in Y with
F(xo)nV#, there exists a neighborhood U of x, such that
F(x)nV# for all xe U,
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(5) upper semicontinuous (u.s.c.) at x, if, for any open set V'in Y with
F(x,) <V, there exists a neighborhood U of x, such that F(x)< V for all
xeU.

It is known (see [7]) that if F(x,) is compact, then F is u.s.c. (resp.,
ls.c.) at x, if and only if F is u.Hs.c. (resp., l.Hs.c.) at x,. Using
Theorem 2.4, it is easy to deduce that P, ,(x) is a closed and bounded,
hence compact, subset of M. (In fact, ||y||<(2+3|L|)|x| for each
Y€ Pyy(x).) Using these remarks, we can prove the next result.

THEOREM 2.8. Let xo€X and t=u,l,u.H, or LLH. Then the following
statements are equivalent.

(1) Pagy(+) is .5.c. at x,;
(2) Puro(I—=1L) is T.5.c. at xq;
(3) Pasyly, is T.5.c. at xo— Lx,.

Proof.  As observed above, P, ,,(x) is compact so Ls.c.=LH.s.c. (resp.,
us.c.=u.H.s.c.). We will prove the equivalence when t=1H. (=1). The
proof when 7=u.H. ( =u) is similar.

(1)=(2). Let xeX. If yeP,, o(I—L)(x,), then y=z—Lx, for
some z € Py, (xo) by (2.4.2). Thus

d(y, Pyro(I—L)(x)

d(y, PM(x)(x) —Lx)

z—Lxg, Pyro(x)—Lx)

N

d(
d(z, P (X)) + [ Lx — Lxo |
h(

N

PM(X())(XO)J PM(x)(x)) + L] Ix —xol-
Thus
h(Pypy o (I—L)(Xg), Ppry o (I—L)(x))
<h(PM(xo)(x0)’ PM(x)(x)) + L[ Ix —xol.

Since P, .)(-) is Ls.c. at x,, the right side of this inequality can be made
arbitrarily close to zero by choosing x sufficiently close to x,. Thus (2)
holds.

(2)=1(3). For any x€ X,
APy o(xo—Lxg), Pag(x — Lx)) = h(Ppp, o (1= L)(xo), Ppyy o (I—L)(x))

which implies the result.
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(3)=(1). Let xeX. If yePu . (xo), then y=z4Lx, for some
z€ Py (xo—Lx,), and

d()’a PM(x)(x))

d(z+ Lxy, Py (x—Lx)+ Lx)
d(z, Pp(x —Lx)) + || Lx — Lx, |
h(P pry(Xo—LXg), Ppro(x — Lx)) + [|L| [|x — o |-

N

N

Thus
h(PM(xo)(xo)a PM(,\‘)(X)) <h(PM0(x0 — Lx,), PMU(X —Lx))+ |IL| Ix —xo].

Since P, |y, is ls.c. at x,— Lx,, the right side can be made arbitrarily
close to zero by choosing x close to x,. This proves that P,, ,(-) is Ls.c.
at xo. |1

It is well-known that the metric projection onto a finite-dimensional sub-
space is u.s.c. (see [ 10; Theorem 3.1, p. 386]). Using the equivalence of (1)
and (3) in Theorem 2.8, we immediately obtain the following corollary.

COROLLARY 2.9. The parameter map P, |(-) is upper semicontinuous
on X.

We conclude this section by showing that the existence of a selection for
P, 5(+) having certain continuity properties is equivalent to the existence
of an analogous selection for the (restriction to X, of the) metric projection
onto M.

Recall that a selection for the set-valued mapping F: X — 2" \{ &} is any
function f: X — Y such that f(x) e F(x) for each xe X.

THEOREM 2.10. The following statements are equivalent.

(1) Pagy(+) has a continuous (resp., linear, Lipschitz continuous)
selection;

(2) Ppryo(I—=L) has a continuous (resp., linear, Lipschitz continuous)
selection;

(3)  Pas,lx, has a continuous (resp., linear, Lipschitz continuous) selection.

Proof. Using (2.4.2), it is obvious that f'is a selection for P, () iff
J—L is a selection for P, o(/—L). Moreover, L is linear, hence Lipschitz
continuous. The equivalence of the three statements now follows easily. ||

Various characterizations of which metric projections admit continuous
or Lipschitz continuous selections can be found in [6]. Analogous charac-
terizations for linear selections are in [5].
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3. THE HILBERT SPACE CASE

In this section, we obtain stronger and more detailed results in the
special case when X is a Hilbert space.

Our set-up for this section is the following. Let X be a Hilbert space, M
an n-dimensional linear subspace, and let {¢,, ¢, ..., ¢,,} be m <n linearly
independent functionals in X*. For each x € X, let

M(x)={yeM|¢;(y)=¢,(x) (i=12 ..,m)}.
Letting y,€ X denote the “representer” of ¢,, we can rewrite M(x) as

M(x)={yeM|<{y,y>=<{xy> (i=12..m}.  (301)

As before, we define

Xo:={xeX|¢;(x)=0 (i=1,2,..,m)}
—(xeX|[<(ny>=0 (i=12 ..m)
=(span{ y;, Ya, e Yy} )" (3.0.2)
and
My =M X,. (3.0.3)

Also, as above, we assume that there exists a linearly independent set
{z1, 25y w2,y In M so that

(zpyp=90;  (,j=1,2,..m), (3.04)

and we define L: X - M by

LX: Z <xsyi> Zis XGX (305)

i=1

Lemma 3.1. Given xe X, let y, € M(x). Then yy= P (x) if and only if
X—yoeMjy.

This is a consequence of the well-known orthogonality characterization
of the error when approximating by subspaces, along with the fact that
M(x)=M_,+ Lx is just the translate of a subspace.

To apply this lemma in practice, we need to recognize when an element
is in M(x), and when an element is in M. To this end, we show that if
{Zm i 15 Zmsas s Zn) 1S any basis of My, then {z,, .., Z,, Zyy 1 Z,) 18 @
basis for M.
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To see this, note that Lemma 2.2 implies that M, is (n — m)-dimensional.
Let {z,,i,.2,} be a basis for M, In particular, {z, 1,2, 2,
s Zyp © M and

{z;,y;7=0 (i=m+1,m+2,.,nj=12,..,m). (3.1.1)

But by (3.04), {z,,y,>=90; for i,j=1,2,..,m. Hence if zeM;n
span{z,, z,, .., z,,}, we see that z=Y"" f,z,. Thus for j=1, 2, .., m, since
ze M,, we have that

0=Lzy> =72 Bz y) =B
k=1

Thus z=0. This proves that
M,nspan{z,, z,, .., z,,} = {0}. (3.1.2)

From this we deduce that {z,, .., z,,, Z,,4 1> -, Z,} is linearly independent.
[For if >} a;z;=0, then

m

Yoaz;=— ) oz;€ Mynspan{zy, z,, .., z,} = {0}

1 m+1

and since {z,,z,,..,2,} and {z,, .1, 2, 2,2, are each linear inde-
pendent, it follows that «;=0 for all i=1,2,..,n] Since {z,, ..
Zyms Zm 415 - Zn) 18 contained in M and M is n-dimensional, we see that

{21y s Zons Zins 1> s 2} 18 @ basis for M.

THEOREM 3.2. Let {y(,Vs, s Vm} be as in (3.0.1) and suppose
{21, 22y v 2} in M satisfies (3.0.4). Let {z,,, 1, Zps2s s Z,) be any basis
of M. Then for each x € X,

Poo(x)= z o;z;+ Lx, (3.2.1)

m+1

where Lx=Y"{x,y,;>z; and the scalars {a,, ., %, 25 %,} are the
unique solution to the linear system
Yo alznzy=<{x—Lx,z,) (j=m+1,m+2,.,n). (322)

i=m+1

Moreover, if {Z,, s Zymias s Za} is an orthonormal basis for M, then

a;=<{x—Lx,z;» (j=m+1,m+2,..,n) (3.2.2")
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and thus
Pu(x)= Y {x—Lx,z;) z;+ Lx. (3.2.3)
m+1
Proof. Let y,e M(x). Since M(x)=M,+ Lx by Theorem 2.4 (1), it
follows that

Yo=Y, a;z;+ Lx (3.2.4)

m+1

for some scalars «;. By Lemma 3.1, yo = P,,(x) if and only if x—y,e
M . That is,

{x—=y0,2;7 =0 (j=m+1,m+2,..,n).

It follows that

Y alz,zy=<{x—Lx, z,) (j=m+1,m+2,..,n). (3.2.5)

i=m+1

Since  {z,,. 1> Zmy2s s 2oy 18 linearly independent, the determinant
det[<z;,z; 1}, 4 1s not zero (see, e.g., [ 3; p. 178, Theorem 8.7.2]). This
verifies the first statement of the theorem.

The second statement is an immediate consequence of the first. ||

COROLLARY 3.3. If { ¥\, V2, . Vu} IS an orthonormal set in M and
{Zima 1> Zmias - Zn} IS an orthonormal basis for M, then for any x € X,

Puox)= > <(x—Lx,z;)z;+ Lx, (3.3.1)

i=m+1

where
Lx=) {x,y;) y;. (3.3.2)
1
Proof. From the theorem,

Pro(x)= Y <{x—Lx,z;) z;+ Lx, (3.3.3)

m+1
where

m

Lx=Y) {x, ¥ z; (3.3.4)

i=1
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But if we choose z;=y, for i=1, 2, .., m, then {z,, z,, .., z,,} is in M and

satisfies (3.0.4). Substituting y; for z, in (3.3.4), we obtain (3.3.1) and
(332). 1

Since, in a Hilbert space, the metric projection onto any closed subspace
M, is just the (linear) orthogonal projection onto M,, we obtain the
following consequence of Theorem 2.4 (1).

COROLLARY 3.4. Under the hypothesis of Theorem 3.2, the parameter
mapping P () is linear.

(This result also follows indirectly from the equivalence of (1) and (3) in
Theorem 2.10.)

4. APPROXIMATION FROM INTERPOLATING SUBSPACES

In this section we restrict our attention to approximation from
interpolating subspaces. Using the characterization theorem below
(Theorem 4.5), we show that each x € X has a unique best approximation
in M(x). In fact, the best approximations are actually strongly unique
(Corollary 4.8). Finally, using the strong uniqueness of best approxima-
tions, we prove that the parameter map associated with this problem is
pointwise Lipschitz continuous on X (Theorem 4.9).

DerFNITION 4.1.[1].  An n-dimensional subspace M of a normed linear
space X is called an interpolating subspace if, for each set of n linearly
independent functionals {¢,, ¢,, .., ¢,} Sext B(X*) and each set of n real
scalars ¢4, ¢,, ..., ¢,, there is a unique element y € M such that

b;(y)=¢, for i=1,2,..,n

Equivalently, M is an interpolating subspace of X if, whenever {¢,,
¢3¢} 18 @ set of n linearly independent functionals in ext B(X*), y e M,
and ¢;(y)=0 for all i=1, 2, .., n, then y=0.

The notion of interpolating subspace was introduced by Ault, Deutsch,
Morris, and Olson [1] as a generalization of the classical Haar subspace
in C[a,b]. In C(T), T a locally compact Hausdorff space, the interpolat-
ing subspaces are precisely the Haar subspaces [ 1]. However, interpolating
subspaces are rare in general. Wulbert [ 11] observed that if X is a smooth
normed linear space, then the best approximations in a Chebyshev
subspace of X are not strongly unique. In [ 1] it was shown that if M is an
interpolating subspace of a normed linear space X, then M is a Chebyshev
subspace and best approximations are strongly unique. It thus follows that
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a smooth normed linear space does not contain any interpolating subspace.
In the case where (7, u) is a o-finite positive measure space, then L,(7, u)
contains an interpolating subspace of dimension n > 1 if and only if T is the
union of at least n atoms; while L,(7, 1) contains a one-dimensional inter-
polating subspace if and only if 7 contains an atom [1]. In particular, the
space 7, contains interpolating subspaces of every dimension n > 1.

Let M be an n-dimensional interpolating subspace of X, and fix a set
{¢1, b2, ... §,,} of m linearly independent functionals in ext B(X*), where
1 <m<n. As before, for each x e X, let

M(x):={yeM|d,(x)=¢,(p), i=1,2,..,mj.

Note that if m =n, then M(x) is a singleton for each x € X. We shall hence-
forth assume that m < n. Recall that

Xo:={xeX|¢;(x)=0 (i=1,2,.,m)}
and
My:=MnX,={xeM|¢,(x)=0 (i=1,2,.,m)}.
LEMMA 4.2. There exist m elements z,, z,, ..., z,, in M such that
$i(z;) =06, (Lj=1,2,..,m). (4.2.1)

Proof. Since M is interpolating, for each j=1,2,..,m, and scalars
€1 =0y, C; =0y, ..., C,; =0,,, there exists a unique z; € M so that ¢,(z,) = ¢,
(i=1,2,..,m). That is, (4.2.1) holds. ||

LemmA 4.3. M, is an (n—m)-dimensional interpolating, hence
Chebyshev, subspace in X,.

Proof. By Lemma 2.2, M, is an (n —m)-dimensional subspace of X,. It
remains to show it is interpolating in X,. Let {¥,,, 1, ¥yi2s - V,} be
linearly independent in ext B(X§), y, e M,, and ,(y,) =0 for i=m+1,
m+2, ..., n. We must show y,=0. By [10; p. 168], each y/; can be extended
to an element ¢; eext B(X*) (i=m+1,m+2, .., n).

Claim. {1, s §yr Gy 1 $,} 1s linearly independent (in ext B(X*)).

To see this, let > | a;¢;=0. Then for all ye X, ¢,(y)=0 for i=1,
2, ..., m, and

n

0= b= 3 whi()= 3 iy,

m+1 m+1
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Since {Y,uy1> Yimsas o ¥y} is linearly independent in X, it follows that
;=0 for i=m+1,m+2,..,n Thus X7 a;¢,=0. By Lemma 4.2, for each
j=12 ..,m,

Thus «;=0 for i=1, 2, .., m. This proves the claim.

From the claim it follows that {¢,, ¢, .., ¢,} is linearly independent in
ext B(X*). Since y, € My, ¢,(y,)=0 for i=1, 2, .., m. But by assumption,
Vi(y)=0 for i=m+1,m+2,.,n Thus, ¢,(y,)=0 for i=m+1,
m+2, ..., n Since y, € M and M is interpolating, y,=0. |

In contrast to Lemma 4.3 the following example shows that, in general,
M, is not interpolating in the whole space X.

ExampLE 4.4. Let X=C[0, 1], M=P,=span{l, 7, 1*} be the subspace
of C[0, 1] of all algebraic polynomials of degree at most 2, and define ¢,
and ¢, on C[0, 1] by ¢,(f)=/(0) and ¢,(f)=/(1) for all fe C[O0,1].
Then

My=M(0)={peP, | p(0)=p(1)=0} =span(r>—1).

Clearly, M, is a one-dimensional subspace of C[0,1]. The element
p(t)=1t(t—1) belongs to M,, and has two zeros in the interval [0, 1].
Thus M, is not a Haar subspace of C[0, 1], and consequently, M|, is not
an interpolating subspace of C[O0, 1].

Let { ¥, V25 «» Vu_m} be a basis for M, and choose {z,, z,, .., z,,,} in M
as in Lemma 4.2. Then {z,, z,, .., z,,} is clearly linearly independent so it

can be augmented by elements z,,, |, Z,, 4 2, -, 2, SO that {z,,z,, ., z,} is
a basis for M. We define L: X > M by

Lx=Y ¢;(x)z,.
i=1
Just as in Section 2, for each xe X, Lx e M(x) and

PM(x)(x) = [PMQ o(I—L)+ L](x).

For any set of n—m+1 linearly independent functionals {y, {5, ...,
Vo_m1) in X*, we define the determinants 4,=A4,(y,, Y2, s ¥, 1) bY
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1(y1) Via(y1) Vi) Voma1(D1)

210
A = Vi(y2) Via(ya) Vi1 y2) Vi —ms1(¥2)

1

lpl(ynfm) l//ifl(ynfm) lp[+1(yn7m) lpnferl(ynfm)

We also recall
&(x):={¢peext B(X*)| dp(x)=|lx|}.

The following theorem characterizes best approximations to any xe X
from M(x).

THEOREM 4.5. Let xe X and y, € M(x). Then the following statements
are equivalent.

(1) yOGPM(x)(X);
(2) yo—LxeP,(x—Lx)
)

(3 0 ECO{(X*(JH), X*(yZ)a weey X*(yn—m)) | x*e é(}(x _yO)}5
(4) There exist n—m+1 linearly independent functionals ;e
& (x—y,) such that

sgn(4,)=(—1)"""sgn(4,) (i=1,2,.,n—m+1);

(5) There exist n—m + 1 linearly independent functionals ;€ & (x — y,)
and n —m + 1 nonzero scalars A; such that

(a) XV "' iy, eMy, and
(b) Sgn[/lllljl(xiy())] = :Sgn[)“n—m+llpn—m+1(x7y0)]'

Proof. The equivalence of (1) and (2) (resp., (1) and (3)) follows from
Theorem 2.4 (1) (resp., Theorem 2.6). The equivalence of (1), (4), and (5)
is a consequence of Lemma 4.3 and [ 1; Theorem 4.1]. |

Remark. In Theorem 4.5, we can replace the set &(x—y,) by the
(subset)

{¢ eext BIXE) | p(x —yo) = lx—yol}.
This is a subset of & (x— y,) since each ¢ € ext B(X{) may be extended to

a functional in ext B(X*). But the restriction of a functional in ext B(X*)
to X, is not necessarily in ext B(X¢).

COROLLARY 4.6. Each x € X has a unique best approximation in M(x).
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Proof. This follows since M, is interpolating in X, by Lemma 4.3,
hence is Chebyshev in X, by [1; Theorem 2.2], and Corollary 2.5 (2). |

Actually, the best approximation to x from M(x) is “strongly unique” in

the sense described below.

THEOREM 4.7 [1, Theorem 6.1]. Let Y be an interpolating subspace of
X. Then for each x € X, there exists a scalar y=y(x) € (0, 1] such that

[x =yl = lx—=Py(x)[+7[Py(x)—yl (47.1)

forall ye Y.

COROLLARY 4.8 (Strong Uniqueness of Best Approximations). For each
x € X, there exists 0=0(x)e (0, 1] such that

12 = Y11= 11 = P rso(X) T+ 0 [P pse(x) = ¥l (48.1)

for all ye M(x).

Proof. By Lemma 4.3, M, is an interpolating subspace in X,. Since
x— Lxe X, for each xe X, and y — Lx e M for each y € M(x), it follows by
Theorem 4.7 that there exists 8 =0(x) e (0, 1] so that

| = Lx — (y— Lx)| = |x — Lx — Py (x — Lx)|
+0 | Pgy(x — Lx) — (3 — Lx)||.

for each y e M(x). Using (2.4.2), this is equivalent to (4.8.1). ||

Finally, we show that the parameter map is pointwise Lipschitz con-
tinuous. Recall that a mapping f from one normed linear space X into
another Y is said to be pointwise Lipschitz continuous at x € X if there is a
constant 4= A(x) >0 such that

If(x)—f)<4lx—pyl  forall yeX

It is well-known, and easy to prove (see [2; p. 82, Freud’s theorem]) that
strong uniqueness of best approximations from a Chebyshev subspace
implies the pointwise Lipschitz continuity of its metric projection at each
point. By Lemma 4.3, M, is an interpolating subspace in X,,. Hence, by
Theorem 4.7, best approximations from M, to each xe X, are strongly
unique. It follows that for each x € X, there exists A =/(x)> 0 so that

1P as(X) = Poagy( D) < A [x =y (48.2)
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for all y € X,,. By Lemma 2.3, x — Lx is in X, for each x € X. Thus for each
xeX and A =1 (x):=A(x— Lx), we deduce

1P X = LX) = Py = Ly)| A" |x —Lx—(y—Ly)| ~ (483)
for each y e X. By Theorem 2.4 (2), we see that
HPM(x)(x) _PM(y)(y)H = HPMU(X_LX) +Lx— [PMO(J’_LJ’) +Ly]|
S P sy(x —Lx) = Py —Ly)| + | Lx — Ly|
<A llx—Lx—(y—Ly)| + [ Lx = Ly||

<A

|x =yl + (4 +1) [[Lx = Ly||
<u(x) [x =yl

where u(x)=2"(x)+ (A(x)+1) |L].
Thus we have proved the following.

THEOREM 4.9. The parameter map Py (-) is pointwise Lipschitz
continuous on X. That is, for each x € X, there exists a constant u(x) > 0 such
that

P pe(%) = Py D S plx) [lx =y (49.1)
for all ye X.

In the special case when M is a Haar subspace in X=CJ[gq, b], it was
proved in [4] that (4.9.1) holds for those ye C[a, b] which satisfy the
additional restriction: M(y)= M(x). Thus Theorem 4.9 shows that this
additional restriction in [4] may be omitted.
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